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Abstract
We prove a characterization for hypercyclic and chaotic unbounded unilateral weighted shifts of order p.
As applications we obtain that the natural derivatives associated to Hermite expansions are chaotic. On the
other hand, the corresponding Riesz transforms are not hypercyclic and even more they are a kind of border
line operator which separates the chaotic behavior.
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1. Introduction
The theories of hypercyclic operators and chaos have been intensively developed for bounded
linear operators (see [6] and references therein). More recently this theory is being developed for
unbounded linear operators in infinite-dimensional spaces, see [1–3,5,8].
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ization of hypercyclic bounded weighted shifts has been given by Grosse-Erdmann, see [7].
Recently, Emamirad and Heshmati [5] gave a necessary and sufficient condition of hypercyclic-
ity and characterized the chaotic unbounded unilateral backward shift operators in a Bargmann
space, the space of entire functions with the Gaussian measure.
The aim of the paper is to analyze some specific backward shift type operators which ap-
pear naturally in the context of harmonic analysis associated to Hermite (either polynomial or
function) orthogonal expansions. We shall describe briefly the setting in which these operators
appear.
Let μ be a positive Borel measure on R and let L be a second order linear differential operator
defined in a domain dense in L2(dμ). Assume that L is symmetric with respect to the measure
μ and that L has a complete family of orthogonal eigenfunctions {Φn}∞n=0 with corresponding
eigenvalues {λn}∞n=0 ⊂ [0,∞). Since 1969, with the paper [10] some efforts have been made
sporadically in order to develop in this general setting an Harmonic Analysis which parallels
the euclidean one, see the survey [12] and the references there. If we denote by e−tL the heat
semigroup generated by L, then following [11] we can define for each b > 0, the “fractional
integral”
L−bf = 1
Γ (b)
∞∫
0
tbe−tLf dt
t
. (1.1)
Observe that if λn = 0 then L−bΦn = 1(λn)b Φn. Assume that L can be factorized in a divergence-
type way as L = −div◦D, where div is the adjoint of D with respect to the measure dμ. Again
following [13, p. 57], see also [16, p. 37] and [14], we define the first order Riesz transform
associated to L as
R =D ◦ L−1/2. (1.2)
The operators
Rp =Dp ◦ L−p/2, p = 2,3, . . . (1.3)
are referred to as Riesz transforms of higher order p, see [9].
In the case that L is either the Ornstein–Uhlenbeck operator (that is Φn are the family of
Hermite polynomials) or the Harmonic oscillator (hence Φn are the family of Hermite functions),
then the operators D and Rp are weighted shift and weighted shift of order p, respectively. See
Section 3. These operators can be viewed as particular cases of the family Dp ◦ L−b . The main
result of this note is contained in Theorem 3.1. For Hermite expansions it is concerned (either
polynomial or function type) the natural derivative associated to the corresponding Laplacian,
see (3.1), (3.5), is chaotic. Moreover the Riesz transforms can be thought as a kind of “critical
border” operators in the following sense: the operator Rp =Dp ◦ L−p/2 is not hypercyclic. The
operators Dp ◦ L−b, b > 0 are chaotic for 2b < p and not hypercyclic for 2b p.
The organization of the paper is as follows. Next section contains some preliminary material
and technical results about the hypercyclicity and chaos of the unbounded unilateral weighted
shifts of order p. Section 3 is devoted to the concrete description of the Hermite setting and also
to the applications.
2. Technical results
Following Devaney, see [4], we give the following definition.
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operator defined in a domain D(T ). Denote D(T ∞) :=⋂∞n=0 D(T n). The operator T is called
hypercyclic if there is an element x ∈ D(T ∞) in X such that its orbit
{T nx: n ∈ N}
is dense in X. The vector x is called hypercyclic vector. An operator T is called chaotic if it is
hypercyclic and has a dense set in X of periodic points in D(T ∞).
A consequence of this definition is the density of the set D(T ∞) in the space X.
Along this note we shall deal with Hilbert spaces having a numerable orthonormal basis.
Definition 2.2. Let X be a Hilbert space with an orthonormal basis (en)n∈N0 and p a natural
number p ∈ N. A unilateral weighted backward shift of order p, with weights (ωn)n∈N0, is an
operator, Tp, defined by
Tp
(∑
n∈N0
xnen
)
=
∑
n∈N0
ωn+pxn+pen =
∑
np
ωnxnen−p.
As usual, the domain of Tp will be the set
D(Tp) :=
{
x =
∑
n∈N0
xnen ∈ X: Tpx ∈ X
}
.
Notice that every unilateral weighted backward shift of order p with weights (wn)n∈N, could
be write as
Tp = Bp−1Bw
where B is the unilateral backward shift without weights and Bw is a unilateral weighted back-
ward shift with weights (wn)n∈N.
For future reference we estate the following lemma whose proof is leave to the interested
reader.
Lemma 2.3. Let p, r be natural numbers. Given a Hilbert space X with basis (en)n∈N0 and Tp
a unilateral weighted shift of order p, then (Tp)r is a closed operator, that is the graph of (Tp)r
is closed.
Theorem 2.4. Let T be a weighted backward shift of order p with weight sequence (wn)n∈N
defined on a Hilbert space H . Then T is hypercyclic if and only if there exists a sequence (Nk)k∈N
such that, for any q ∈ N0,
min
0αq
(
Nk∏
i=1
wα+pi
)
k→+∞−−−−−→ +∞. (2.1)
Proof. For the forward implication, choose a hypercyclic vector, x =∑n∈N0 xnen, of Tp; see
Definition 2.1. Fixed q ∈ N0 there exists a sequence (Nk(q))k∈N ⊂ N such that T Nk(q)p x con-
verges to e0 + e1 + · · · + eq . Thus, for each q , we obtain a sequence (Nk(q))k∈N such that(
Nk(q)∏
wα+pi
)
xα+pNk(q)
k→+∞−−−−−→ 1 for 0 α  q.
i=1
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k→+∞−−−−−→ 0, we get
Nk(q)∏
i=1
wα+pi
k→+∞−−−−−→ ∞ for 0 α  q.
Thus
min
0αq
(
Nk(q)∏
i=1
wα+pi
)
k→+∞−−−−−→ +∞.
By a diagonal argument we obtain a single sequence such that satisfies the condition (2.1) for
every q .
For the converse, consider the dense subspace X0 := 〈{en: n ∈ N0}〉. Define the operator
Spen := 1
wn+p
en+p.
Claim. Let (Nk)k∈N be a sequence which for any q ∈ N0 satisfies (2.1). If n1 < · · · < nk−1 are
integers, N  1, r  0, x ∈ X0 and  > 0, then there exists nk > max(N,nk−1, r) such that, for
any j < k, one has∥∥Snk−njp (x)∥∥  and ∥∥Snk−lp (x)∥∥  if l  r.
Proof of the claim. We may assume that x = ea ∈ X0. Changing the family if necessary, we
may assume that each l in {0, . . . , r} is one of the nk’s. Then we have
S
n−nj
p (ea) = 1
wa+pwa+2p · · ·wa+(n−nj )p
ea+(n−nj )p =: Wn,nj ea+(n−nj )p.
Now, setting α = a + (nk−1 − nj )p,
Wn,nj =
1
wa+p · · ·wa+(nk−1−nj )p
× 1
wα+p · · ·wα+(n−nk−1)p
.
Given ε > 0, we find nk > max{N,nk−1, r} with nk − nk−1 = Nlk ∈ (Nk)k∈N such that
1
wα+p · · ·wα+(nk−nk−1)p
< ε(wa+p · · ·wa+(nk−1−nj )p).
Since it satisfies the condition (2.1) with q = a + nk−1p, hence∥∥Snk−njp ea∥∥< ε
for j < k. 
Fixed (xk)k1 a dense sequence in X0 and we set n0 := 0. By the claim we choose an increas-
ing sequence (nk)k1 such that
T
nk−nj
p (xj ) = 0, for any j < k.
Moreover, for any j < k and r < k∥∥Snk−njp (xk)∥∥< 12k , (2.2)∥∥Snk−rp (xk)∥∥< 1k . (2.3)2
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N  r , then(
N∑
k=r
Snkp (xk), T
r
p
(
N∑
k=r
Snkp (xk)
))
N→+∞−−−−−→
(+∞∑
k=r
Snkp (xk),
+∞∑
k=r
Snk−rp (xk)
)
.
By Lemma 2.3, the graph of T rp is closed for every r , hence x ∈ D(T rp ) for all r , that is x ∈
D(T ∞) and
T nkp x =
∞∑
j=k
S
nj−nk
p (xj ).
Finally, we conclude that
∥∥T nkp (x) − xk∥∥=
∥∥∥∥∥
∞∑
j>k
S
nj−nk
p (xj )
∥∥∥∥∥
∑
j>k
∥∥Snj−nkp (xj )∥∥ 12k .
This shows that x is a hypercyclic vector for Tp . 
Following the ideas of [7, Theorem 8] we obtain the following test for weighted unilateral
backward shift of order p.
Theorem 2.5. Let X be a Hilbert space with an orthonormal basis (en)n∈N0 . Let Tp be a weighted
unilateral backward shift of order p with weights (wn)n∈N. Then the following assertions are
equivalent:
(1) Tp is chaotic.
(2) Tp has a non-trivial periodic point.
(3) For each α ∈ N,0 α < p, the series
∞∑
N=1
(
1∏N
j=1 wα+pj
)
eα+pN (2.4)
converges in X.
Proof. The implication (1) ⇒ (2) is contained in Definition 2.1. Let us prove that (2) implies (3).
Let x =∑∞n=0 xnen be a periodic vector of Tp . Then there exists N0 ∈ N such that
(Tp)
N0x =
∞∑
n=0
wn+pwn+p2 · · ·wn+pN0xn+N0pen =
∞∑
n=0
xnen.
By iterating this identity we get
xn+ipN0 =
xn
wn+pwn+p2 · · ·wn+ipN0
, n ∈ N0, i ∈ N.
Hence we can write
x =
∞∑
xnen =
pN0−1∑
xnen +
2pN0−1∑
xnen + · · · +
(i+1)pN0−1∑
xnen + · · ·
n=0 n=0 n=pN0 n=iN0p
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pN0−1∑
n=0
xnen +
pN0−1∑
n=0
xn+pN0en+pN0 + · · · +
pN0−1∑
n=0
xn+ipN0en+ipN0 + · · ·
=
pN0−1∑
n=0
xnen +
∞∑
i=1
pN0−1∑
n=0
xn+ipN0en+ipN0
=
pN0−1∑
n=0
xnen +
pN0−1∑
n=0
∞∑
i=1
xn
wn+pwn+p2 · · ·wn+ipN0
en+ipN0
=
pN0−1∑
n=0
xnen +
pN0−1∑
n=0
xn
( ∞∑
i=1
1
wn+pwn+p2 · · ·wn+ipN0
en+ipN0
)
.
From the above identity, we get that for each n, 0 n pN0 − 1 the series
∞∑
i=1
1
wn+pwn+p2 · · ·wn+ipN0
en+ipN0
converges and this clearly implies (3). This finishes (2) ⇒ (3).
Observe that if Tp satisfies (3) then, by Theorem 2.4, Tp is hypercyclic. Hence in order to
show (3) ⇒ (1) we only need to prove the existence of a dense set of periodic points. Let Q ∈ N
and q = 0,1, . . . ,Q−1, the convergence of the series in (2.4) guaranties, for each α,0 α < p,
the convergence of the series
∑∞
k=1 1∏kQ+q
j=1 wα+pj
eα+p(kQ+q). Then for each pair (Q,q) as before
and α,0 α < p, we define
g(Q,q)α =
∞∑
k=0
1∏kQ+q
j=q+1 wα+pj
eα+p(kQ+q)
=
(
q∏
j=1
wα+pj
) ∞∑
k=0
1∏kQ+q
j=1 wα+pj
eα+p(kQ+q). (2.5)
Observe that
Tpg
(Q,q)
α =
(
q∏
j=1
wα+pj
) ∞∑
k=0
1∏kQ+q−1
j=1 wα+pj
eα+p(kQ+q)−p.
Moreover, it can be easily checked that g(Q,q)α are periodic vectors of Tp . In fact
(Tp)
Qg(Q,q)α = g(Q,q)α , Q ∈ N, 0 q < Q, 0 α < p.
In order to complete the proof we shall show〈{
g
(Q,q)
α : Q ∈ N, 0 q < Q, 0 α < p
}〉= X. (2.6)
Let x ∈ X of the form x = ∑n0ν=0 xνeν . We will prove that for all ε > 0 there exists yQ ∈
〈{g(Q,q)α : Q ∈ N, 0 q < Q, 0 α < p}〉 such that ‖yQ − x‖ < ε. Given ν ∈ [0, n0] we choose
α = 0, . . . , p − 1 and ν′, 0 ν′  n0 with
α + ν′p = ν. (2.7)
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later, and g(Q,ν
′)
α are defined in (2.5). Observe that we can assume, without lost of generality that
|xν∏ν′j=1 wα+pj | 1, then by using (2.7), we have
‖yQ − x‖ =
∥∥∥∥∥
n0∑
ν=0
xν
(
g(Q,ν
′)
α − eν
)∥∥∥∥∥
=
∥∥∥∥∥
n0∑
ν=0
xν
(
ν′∏
j=1
wα+pj
{ ∞∑
k=0
1∏kQ+ν′
j=1 wα+pj
eα+p(kQ+ν′) − 1∏ν′
j=1 wα+pj
eν
})∥∥∥∥∥

n0∑
ν=0
∥∥∥∥∥
∞∑
k=1
1∏kQ+ν′
j=1 wα+pj
eα+p(kQ+ν′)
∥∥∥∥∥.
The convergence of the series in (2.4) guaranties that the last quantity tends to 0 when Q → ∞.
In particular we can choose Q such that ‖yQ − x‖ < ε. This ends the proof of (2.6) and hence
the proof of the theorem. 
3. Derivatives and Riesz transforms for Hermite expansions
We shall give a short description of the families of systems to which we shall apply the results
of the previous section.
Hermite polynomials. Let L be the Ornstein–Uhlenbeck operator
L := −1
2

 + x∇ = −1
2
d2
dx2
+ x d
dx
,
where L is defined on smooth functions in R and it is symmetric in L2( e−x
2
√
π
dx). See [12] and
[15] for more details. Let Hn(x) denote the Hermite polynomials
Hn(x) := (−1)nex2 d
n
dxn
(
e−x2
)
, n ∈ N0.
The normalized Hermite polynomials Hˆn, given by Hˆn := Hn(x)√2nn! , form an orthonormal system
on L2(R, e
−x2√
π
dx). Moreover they are eigenfunctions of L, in fact LHˆn = nHˆn. Therefore by
using the Gamma function and (1.1) we have
L−bHˆn = 1
nb
Hˆn, b > 0, n > 0.
The operator L can be factorized as L = −div◦D with
D = 1√
2
d
dx
and div = 1√
2
d
dx
− √2x. (3.1)
Observe that
DHˆn = 1√ H
′
n(x)√
n
= 1√ 2nHn−1(x)√
n
= √nHˆn−1. (3.2)
2 2 n! 2 2 n!
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Rp,b =Dp ◦ L−b, p = 1,2, . . . , b > 0, (3.3)
have been considered from different aspects in the near past, see [9,12]. Observe that
Rp,bHˆn =
√
n · · · (n − p + 1)
nb
Hˆn−p. (3.4)
When 2b = p we get the Riesz transforms of higher order p as defined in (1.3). By convention
Rp,bHˆn = 0 for n < p.
Hermite functions. Let us consider the Hamiltonian operator in R given by
L := −
 + x2 = − d
2
dx2
+ x2.
Defined on smooth functions. L is positive and symmetric operator on L2(R, dx), see [16] and
[14] for more details. The Hermite functions given by
ψn(x) := e
−x2/2Hn(x)√√
π2nn!
form a orthonormal system on L2(R), where Hn(x) denotes the Hermite polynomials. Moreover
the Hermite functions are eigenvectors of the Hamiltonian operator with
Lψn = (2n + 1)ψn.
Hence by using (1.1) we have L−bψn = 1(2n+1)b ψn, b > 0. The operator L can be factorized as
L = −1
2
(
A+A− + A−A+)
where A− and A+ are given by
A− :=
(
d
dx
− x
)
, A+ :=
(
d
dx
+ x
)
. (3.5)
These operators are called creation and annihilation operator in quantum mechanics. Also the
following relation holds
A+ψn =
√
2nψn−1.
We are interested in the family of operators
(R+)p,b = (A+)p ◦ L−b, k = 1,2, . . . , b > 0. (3.6)
Whose action over Hermite functions is described by the following formula
(R+)p,bψn =
√
2n.2(n − 1) · · ·2(n − p + 1)
(2n + 1)b ψn−p. (3.7)
See [16] and [14] for a detailed study of these operators. Observe that for 2b = p we get the
Riesz transforms of higher order p as defined in (1.3).
Theorem 3.1. Let D and Rp,b be the operators defined in (3.1) and (3.3). Let X = L2(R, e−x
2
√
π
).
Then
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(2) If 0 < 2b < p, then Rp,b are chaotic in X.
(3) If 2b p, then Rp,b are not hypercyclic in X. In particular, they are not chaotic.
The same results are satisfy if we substitute D by A+, as defined in (3.5), Rp,b by (R+)p,b as
defined in (3.6) and L2(R, e−x
2
√
π
) by L2(R).
Proof. We shall give the proof for the case of Hermite polynomials and Ornstein–Uhlenbeck
operator, observe that in this case the orthonormal basis is constituted by the family of nor-
malized Hermite polynomials {Hˆn}n∈N0 . The case of Hermite operator is similar. Formula
(3.2) establishes that Dp is a unilateral weighted backward shift of order p with weights
wn = √n(n − 1) · · · (n − (p − 1)). In particular for 0 α < p we have
wα+pj =
√
(α + pj)(α + pj − 1) · · · (α + p(j − 1) + 1)
and
N∏
j=1
wα+pj =
√
(α + pN) · · · (α + p(N − 1) + 1) · · ·√(α + p) · · · (α + 1)
=
√
(α + pN)!
α! .
Therefore for each α,0 α < p, the series
∑
N
1∏N
j=1 wα+pj
Hˆα+pN converges, then Theorem 2.5
gives (1).
In order to prove (2), we observe that Rp,b, see formula (3.4), is a weighted unilateral back-
ward shift of order p with weights wn =
√
n···(n−p+1)
nb
. In particular for 0 α < p we have
N∏
j=1
wα+pj =
√
(α + pN)!√
α!(α + pN)b(α + p(N − 1))b · · · (α + p)b .
In the case 0 < 2b < p, it is easy to check, by using D’Alambert criterion, that the series∑
N
1
(
∏N
j=1 wα+pj )2
converges, then we get (2) just by using Theorem 2.5.
On the other hand,(
N∏
j=1
wpj
)−1
= (pN)
b(p(N − 1))b · · · (p)b√
(pN)! 
(pN)b(p(N − 1))b · · · (p)b√
(pN)p(p(N1))ppp
= ((pN)(p(N − 1)) · · · (p))b− p2 .
Therefore if 2b p we conclude that(
N∏
j=1
wpj
)−1
 1.
Theorem 2.4 gives (3). 
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